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Abstract. Two independent algorithms are presented, which together allow the determina-
tion of branching rules from an irreducible representation of a compact Lie algebra to
those of a subalgebra (or subjoined algebra). The first gives the subalgebra Weyl orbits
contained in an algebra orbit. The second gives the irreducibie representations of an
algebra contained in an orbit, and by inversion of a triangular matrix, the orbits contained
in an irreducible representation.

1. Introduction

There are many different ways (Cummins et al 1989) of finding branching rules (i.e.
reduction) of an irreducible representation (1r) ¢(G) of a particular simple Lie algebra
G over the complex number field to 1R of a particular reductive Lie subalgebra or
subjoined (Patera et al 1980) semisimple algebra. (Except where explicitly stated, the
term ‘subalgebra’ includes subjoined algebra throughout this paper.) However, once
one is interested in methods of general applicability (as to the type of semisimple Lie
algebras involved) there is only one method left although its implementation may
proceed in several practically very different ways. The method has three steps: (i) first
one has to find the weight system Q{4 (G)) of the initial representation ¢(G), then
(ii) the weights of Q(¢(G)) have to be transformed into the weights of the subalgebra.
The result of such a transformation is the weight system Q(4(G’)) of the reducible
representation ¢{G’) of the subalgebra G'. Finally (iii) (¢ (G’)) has to be sorted out
into the weight systems of irreducible components of the branching rule.

The contribution of this paper to the problem of computing the branching rules
for semisimple to reductive Lie algebras over the complex number field has two distinct
aspects.

(a) Rather than reducing the complete weight system Q(#(G)) to Q(H(G')) we
reduce the subsystems of (4 (G)), called Weyl group orbits, or simply W-orbits O(A),
A eQ(H(G)), to similar subsystems of Q(#(G’)) and subsequently reassemble the
appropriate subsystems into complete weight systems of the relevant irreducible rep-
resentations.

(b) The second contribution of this paper is showing how, in principle, all necessary
operations on the weight systems and the W-orbits can be performed in terms of
generating functions. General procedures for the derivation of the appropriate generat-
ing functions are formulated. The advantage offered by the generating functions comes
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firstly from the possibility of computing by hand particular cases of considerable size
(by developing a generating function as far as needed) and secondly from the global
information such a generating function provides about the whole problem (integrity
bases, syzygies, etc).

The task (i) of computing the weight system Q(¢(G)), in particular the weight
multiplicities, using any of the existing recursive methods, imposed practical limits on
the original implementation of the method. A relatively recent development (Moody
and Patera 1982) is the possibility of computing multiplicities of dominant weights
without computing the rest of them for a given representation. That opened the further
possibility of making the method vastly more efficient by exploiting the decomposition
of (4 (G)) into W-orbits O(A), the multiplicity of a dominant weight A in Q(¢(G))
being the multiplicity of the W-orbit O(A) in Q(#(G)). The economy occurs when
branching rules for orbits are calculated separately from branching rules for representa-
tions; only subsequently are those, with appropriate multiplicities, collected into
branching rules for representations. A possible alternative to recursive computing of
weight multiplicities is one of the results of this paper.

The second step (ii) is efficiently performed by the projection matrices introduced
by Navon and Patera (1967). Such a matrix has to be calculated only once for each
algebra-subalgebra pair and then used on any weight system. They are found in
McKay et al (1977) (see also Cummins et al 1989).

The last step (iii) is quite easy because it is sufficient to retain and to work with
the dominant weights of Q(&(G')), a small fraction of the weight system, each represent-
ing precisely one W-orbit. That again hinges on the possibility to reassemble the
W-orbits of G’ into whole weight systems of irreducible representations of G'.

Among the methods for branching rules computations the present approach stands
in two ways: (a) it is the most explicit general solution available, and (b) it can be
applied, at least in principle, to any algebra-subalgebra pair. Its practical applicability
naturally has some limits. Let us point out here that, if one is interested in branching
rules for only some classes of irreducible representations, one may extend the practical
limits to much larger algebras-subalgebras.

In § 2 a method of implementing step (ii) above is presented; it utilises the orbit-orbit
generating function. Section 3 shows how to express a Weyl orbit as a superposition
of IR; step (iii) above can thus be accomplished. If the IR, and orbits, are arranged,
say, according to level (Bremner et al 1985), the transformation matrix from orbits to
IR is triangular, and hence easily inverted to express Ir in terms of orbits—step (i) above.

In the paper we assume that the reader is familiar with weight lattices of semisimple
Lie algebras and with the action of the corresponding Weyl group on the weights. A
generic weight is always given by integer coordinates, its ‘components’, relative to the
basis of fundamental weights. We often use IR, or irreducible representation, to mean
the weights of the ir in question.

2. Orbit—orbit generating function

We first define the orbit-orbit generating function then show how to determine it. It
was first used (for subjoining Sp(6) > SU(4)) by Couture and Sharp (1989).

The orbit-orbit generating function for an algebra-subalgebra pair is a rational
function F(A, B) whose power expansion

F(A, B)=) A°B°C,, (2.1)
ab



Branching rules through Weyl orbit reduction 2331

gives the multiplicity C,, of the subalgebra orbit [b] in the algebra orbit [a]. Here
A° and B® mean I1%_, A% and I15_, B} respectively; k and k' are the respective ranks
of algebra and subalgebra; A, and B; are dummy variables which carry as exponents
the algebra orbit labels a, and subalgebra orbit labels b;, respectively. Orbit labels are
the components of the highest weight of the orbit. The components of a weight A are
the coefficients A; of the fundamental weights M, in the expansion of A:

A :E,‘M,'A,‘ (2.2a)
or, alternatively,
A =2(Aa,)/{a;] ) (2.2b)

where «; are the simple roots; the orbit labels are non-negative integers. If one or
more orbit labels vanish we say the orbit is degenerate.

We first give a general method of evaluating the orbit-orbit generating function
(88 2.1 and 2.2). In § 2.4 we discuss the method of elementary orbits, which is simpler
in most situations, in particular the equal-rank case.

2.1. The generating function for weights of a Weyl group orbit

Define the orbit-weight generating function for an algebra of rank k as
k
H(AA)=Y WI[(U0-A4A)" (2.3)
w' i=1

where A, are dummies which carry orbit labels as exponents and A; carry weight
components A;. The sum is over Weyl group elements W’ (operating on the weight A
carried by A) which do not stabilise A. The power expansion of the orbit-weight
generating function gives the weights contained in each orbit

H(A,A) =Y A°Y A*C,. (2.4)

C.. is one or zero according to whether the weight A is or is not contained in the orbit
[a]. The orbit-weight generating function is also the orbit-orbit generating function
for the Cartan subalgebra. As examples we give the orbit-weight generating functions
for SU(3), SO(5) and SU(4). For SU(3) it is

1 . AATIA, . AT
(1 —A1A1)(1 _AzAz) (1 "AzAz)(l ‘A1A|_]A2) (1 _AlAl_lAZ)(l ‘AzAl_l)

N AA;] . AA A
(1= AATYI- AN (1-AAT) (- AMALY

A AAZAS!
+ — .
(1-AA A7) -AA)

(2.5)
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The SO(5) orbit-weight generating function is

1 N AAT'AS AATIA,
(I—A]Al)(l_AZAZ) (I’AzAz)( 1A1 2) (I’AlA_lAg)(l‘AzAl_lAz)
AL .\ A7’
(l‘AzA Az)(l“AlA 1) (I—AIA )(I‘AzAz_l)
AAAS° AA A7
(l—AzAz')(l —AA Az_z) (1-A A A1 =AM ALY
AIAZ_/}IAZ . (2.6)
(1_A2A1A2 )(I_AIAI)
For SU(4) the orbit-weight generating function is
1 + Y2 + 3, + &> + Y3 + Y2€2 + 83
Y6181 Y2018 v18:81 18182 3028, Y2018 ¥20:8
4 + €3 Y303 Ya + Y3€3 ds + 846,
V10482 16283 V30381 Vibagr 30283 ¥28s82  v104E;
€4 + Yads + Ya€3 Y3€4 + d6 + dse4 + Y4
V20364 Vabsea VabsEs  Y¥30385 Y30c€3 ¥20:84 V4BeEs
Y4€4 O6E4 YaBe€4 (2.7)

Yabs€s Y3884 745654‘

To save space, a symbol (v;, §; or ¢;) in the denominator of a term in (2.7) stands for
one minus that symbol. The symbols in question, in turn, stand for

yi=AA, y2=AAT'A, y3=A;A5 A,
va=AA;" 8, = A,A, 8,=AA AL A,
= A,AT'A; 8.=AA AT 8s=A AT AAT! (2.8)
8¢ = A,A3! e, = A;A; £,= A;AA7!
£3=A;A A% £a=A;AT".

2.2. General method for orbit-orbit generating function

The orbit-weight generating function for an algebra may now be converted in two
steps into the orbit-orbit generating function for a subalgebra. The first step is to
replace the dummies A which carry algebra weights in (2.3) or (2.4) with new dummies
B which carry the corresponding subalgebra weights b. We give examples below. The
second step is to retain that part of the generating function for which the weight
components b; (exponents of B;) are all non-negative. They are then subalgebra orbit
labels and we have the desired orbit-orbit generating function (2.1).

Let us carry out the steps just described to obtain the orbit-orbit generating functions
for

SU(3) >S0(3) SO(5) > SU(2) SU(4) > SU(2) x SU(2)
SU(4) > SU(2) x SU(2) x U(1).
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The projection matrices of McKay et al (1977) may be used to convert algebra to
subalgebra weights. In simple cases the prescription can be inferred from branching
rules for a low IR of the algebra without turning to the projection matrices.

For SU(3) © SO(3) the necessary substitutions in (2.5) are A; » B%, A, 1. Retaining
the non-negative power part in B then yields the SU(3) > SO(3) orbit-orbit generating
function

1 + A, . A,
(1-A,B)(1-A,B*) (1-A,B)(1-A,) (1-A.B)(1-A))

(2.9)
For SO(5) 2SU(2) the substitutions in (2.6) are A,- B*, A,> B®. Retaining non-
negative powers of B yields the SO(5) > SU(2) orbit-orbit generating function

1 + A,B + A1A§
(1-A,B>)(1-A,BY) (1-A,B*)(1-A,B) (1-A,B)(1-A,A3)

. A A,B A, B’
(1-A,A)(1-A,A,B) (1-A,A,B)(1-A,B%)

A,A,B* A AS
+ 3 .
(1-A,B)(1-A,B> 1-A,A]

(2.10)
For SU(4) = SU(2) x SU(2) (Wigner supermultiplet model) the substitutions in (2.7)
are A,~> B,B,, A,- B3, A;~> B, B,; the orbit-orbit generating function is

1 N A,A,B}
(1 ‘AlBle)(l —Ang)(l _AsBle) (1 - AIABBg)(l - Ang)(l - AsBle)

N A;Bi
(1 - AxBle)(l - AzBf)(l - AsBle)

. AA;B3
(1-A,B,B;)(1 - A:B)(1~ A,A;B)

+ A A, B?
(1 - A1A3B$)(l - AzBf)(l - AsBle)

A,
+
(1 - A1A3B§)(1 - Az)(l - A3Ble)

Az

+
(1 _AIBIB2)(1 "Az)(l _A1A3B§)

A A; B}
1 —AIB]BZ)(I "AzB%)(l _AlAst)

1

+ A AA; B}
(1-A,A;BY)(1- A)(1 - A3 B, B,)

(1-ABB,)(1-A,)(1-A,A;B))

(2.11)
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For SU(4) 2 SU(2) x SU(2) x U(1) the substitutions in (2.7) are A, > B, Z, A, > Z% Ay~
B,Z, where Z carries the U(1) label. Keeping non-negative powers of B,, B, gives
the orbit-orbit generating function

1 n A,;B,\ B,
(1-A,B,Z)(1-A,Z*)(1-A;B,Z) (1-A,B,Z)(1-A,B,B,)(1- A;B,Z)
AB,Z™!
+ 1
(1-AB,Z7')(1-A;B,By)(1- A;B,Z)
A,B,Z™!
.+.
(1 - AlBlz)(l "AzB1Bz)(1 _A3Blz_l)
. A,A,B,B,Z?
(1 "AnBzz_l)(l _AzBle)(l - ASBIZ_I)
A,Z7?
+ . 2.12
(1-AB,Z H(1-A,Z)(1-A,B,Z7Y) (2.12)

It is useful to interpret an orbit-orbit generating function in terms of an integrity basis,
consisting of a finite number of ‘elementary orbits’; an elementary orbit (a, b) is a
subalgebra orbit [b] belonging to an algebra orbit [a] and cannot be written as a
stretched product of lower orbits (a’, b') (‘stretched product’ means that algebra and
subalgebra labels are componentwise additive). Any subalgebra orbit belonging to
any algebra orbit can be written as a stretched product of elementary orbits. Some
pairs of elementary orbits are incompatible—they must not appear in the same product.
There exists a polynomial identity (syzygy) relating them. The elementary orbits and
the compatibility rules may be read from the orbit-orbit generating function. Thus
from (2.9) we read the elementary orbits a = (10, 2), 8 =(10,0), y=(01, 2), 6§ = (01, 0),
with compatibility table

B vy 6
a[x[V]V
X
X

BV
Y

{(a cross means incompatible). In (2.10) the elementary orbits are a = (10, 4), 8 = (10, 2),
vy=(01,3), §=(01,1), e =(11,1), {=(12,0), {'=(12,0). The compatibility table is

By 6 e {¢
alx |V |V

BV
Y

X

X

X | X | <
X

)
| < 14| X

> | X | X

X
X
x
X
x
[ X ]

The elementary orbits and compatibility rules for the orbit-orbit generating functions
(2.11) and (2.12) are easily written down—we omit them here.
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2.3. Relative position of Weyl chambers of algebra and subalgebra

A few general statements can be made about orbit-orbit generating functions, based
on the way the Weyl chambers for the subalgebra line up with those of the algebra.

When we compare regions of algebra and subalgebra weight space, a region of
subalgebra weight space, say a Weyl chamber, means the region of algebra weight
space which projects into the subalgebra region in question.

The simplest situation is that in which Weyl group chambers of algebra and
subalgebra ‘line up’, i.e. each subalgebra Weyl chamber contains only complete algebra
Weyl chambers (N/N' of them, where N and N’ are, respectively, the orders of the
algebra and subalgebra Weyl groups); each boundary of a subalgebra Weyl chamber
is also a boundary of an algebra chamber.

In this paragraph algebra and subalgebra Weyl chambers are assumed to line up.
Let W be one of the N/ N’ elements of the algebra Weyl group which carry the
dominant algebra chamber within the dominant subalgebra chamber. Then an algebra-
subalgebra orbit pair (a, b) corresponding to the term A°B® in the orbit-orbit generating
function can always be written (a, PWa) corresponding I1,( A, T1, B\’ ), where P
is the projection onto subalgebra weight space. Thus the elementary orbits correspond
to A, IT; BY""M. ie. they are the subalgebra orbits contained in the fundamental
orbits of the algebra. The compatibility rules for elementary orbits can then be stated
as follows: two elementary orbits are compatible if and only if the two weights WM,
and WM, can be obtained by the same Weyl element W; in particular, two subalgebra
orbits belonging to the same fundamental algebra orbit are incompatible. SU(3) =
SO(3) and SU(4) o SU(2) x SU(2) x U(1) above are examples of algebra and subalgebra
Weyl chambers’ lining up. A sufficient but not necessary condition for the lining up
is that algebra and subalgebra have equal rank; for all known maximal subjoint algebras
that is always the case. For a regular subalgebra, the Weyl chambers line up.

Examples of cases where algebra and subalgebra sectors do not line up are
SO(5)2>SU(2) and SU(4) © SU(2) x SU(2) above. When a dominant subalgebra weight
lies inside a chamber of algebra weight space that is only partly in the dominant
subalgebra sector, it cannot be compounded from elementary orbits belonging to
fundamental algebra orbits; hence composite elementary orbits (more than one algebra
label non-zero) arise, as in the generating functions (2.10) and (2.11).

2.4. Method of elementary orbits

Usually it is easier to find the orbit-orbit generating function heuristically by examining
low algebra orbits to find the elementary orbits and their incompatibilities, rather than
using the orbit-weight generating function (2.3). With the help of existing tables for
branching rules (McKay and Patera 1981) and orbit multiplicities (Bremner et al 1985),
one proceeds by increasing level within each algebra congruence class as follows:

(i) from known branching rules write the algebra 1R corresponding to the orbit to
be decomposed as a superposition of subalgebra Ir;

(ii) write the subalgebra 1r as a sum of subalgebra orbits, and the algebra orbits
in the IR in question other than the orbit to be decomposed, as a sum of subalgebra
orbits. The result is the algebra orbit in question decomposed into subalgebra orbits.
Alternatively, if tables are unavailable, use projection matrices to convert the weights
of the algebra orbit to be decomposed into subalgebra weights and retain those in the
dominant subalgebra sector.
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When algebra and subalgebra ranks are equal the procedure is particularly simple.
Again, using branching rule tables, write the algebra Ir, corresponding to the desired
algebra orbit, in terms of subalgebra 1R. Now note the distance squared from the
origin of the algebra orbit in question (the distance squared (or ‘scalar product’ (sp)))
is tabulated by Bremner et al (1985). Ignore smaller orbits in the algebra IRr; on the
other side of this equation, retain only subalgebra orbits with the same distance squared
as the algebra orbit—that means keeping only the outside orbit of each IR, and that
only when it has the correct distance squared. The scale of subalgebra weights may
have to be adjusted to match that for algebra weights. According to the discussion of
§ 2.3 the elementary orbits are all found in the fundamental algebra orbits.

We illustrate the procedure for F,> B,. From branching rule tables (McKay and
Patera 1981) we find

(0(591) > (09291) + (10200) +(0000)
(1000) = (0100) + (0001)
24 24
<0§’g0) > (1(32)1)+ (0(36210)+(01“00) +(0001) + (1000)

(01;?0) > (1(é:10) +(0101) +(1001) + (0010) + (0100).

The number below an 1R is the size (number of weights) of the corresponding orbit;
the number above is the distance squared of the corresponding orbit, divided by 2 for
B, to make the scale agree with that of F,. Following the discussion above we find
the elementary orbits to be

a = (1000, 0100) b=(0100, 1010)
¢=(0010, 1001) d = (0010, 0010)
e = (0001, 1000) S=1(0001, 0001).

Since a and b are the only orbits in their respective fundamental algebra orbits, they
are compatible with each other and with all the rest. In the algebra orbit (0011), whose
distance squared and orbit size are respectively 14 and 192, the candidate orbits are
ce =(2001), with distance squared 14 and orbit size 64, ¢f = (1002) with distance squared
14 and orbit size 64, de = (1010) with distance squared 12, orbit size 96, and df = (0011)
with distance squared 14, orbit size 64. Only the pair de are incompatible, with distance
squared too small; as a check, one notices that the dimensions of the subalgebra orbits
add up to the dimension of the algebra orbit. The F,> B, orbit-orbit generating
function can now be written down:

1 1
(1-A,B,)(1-A,B,B;) ((1 —A;B;)(1-A,B,)
+ A;B B, . A,B, )
(1‘A4B4)(1“A33134) (1_A3BIBA)(1_A4B1) '
The correspondence with the elementary orbits above is
A;B;~a A;BB;~b A;B;~d
A.B,~f A;B,B,~¢ A B, ~e.

(2.13)
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3. Orbits and 1R

We show how a set of weights with Weyl symmetry can be represented as a superposition
of IR; the weights are then taken to be those of a Weyl group orbit.

Let A, be a set of weights of a semisimple algebra and ¢, is the multiplicity of the
weight A,. We suppose the weights have Weyl symmetry. Then the weights can be
written as a superposition of the weights of Ir:

LAY =Y Xafa- (3.1)

Xa is the character of the 1R (a) and g, is an integer which we continue to call the
multiplicity of (a) even if now it can take negative integer values as well as positive
ones; as usual the dummies A carry weight components as exponents.

To find g, we use Weyl’s character formula

Xa= §a/§0 (32)
where ¢, is the Weyl characteristic function:
La=Y (~DWAWETR), (3.3)
w

The sum is over Weyl reflections W, (=1)" is the determinant of the matrix of W, i.e.
+1 according to whether W is a product of an even or odd number of reflections, and
R is half the sum of the positive roots, or the highest weight of the Ir with all Dynkin
labels unity. ¢, is the characteristic function of the scalar 1r (with a=0). Then

Y e AME =Y £a8.. (3.4)

Now &, has just one term, A°*%, in the dominant Weyl sector, so g, is the coeflicient
of A% in

Y e AMTRE. (3.5)

We will take A, in (3.1) to be the weights of the Weyl orbit [A]. Then g, is the
multiplicity of the 1r (a) in the expansion of the orbit [A].

The sum in (3.5) can be visualised graphically in the spirit of a Speiser (1962)
diagram. Plot the weights of the orbit and reflect each if necessary so that it falls in
the dominant sector, reversing the sign with each reflection. The reflection hyperplanes
are A;=-1, i=1,2,...,1 (and their reflections in each other). Ignore a weight that
lies on a reflection hyperplane. The resulting weights, interpreted as 1R, are the ones
which appear in the expansion of [A]. Figure 1 shows the diagram for the orbit [2, 1]
of G,. It decomposes into the 1R (21)+(03)+(02) — (04) — (12) —(01).

A second graphical method is to plot the dominant weight A of the orbit and
superpose & on it so that its dominant weight (1, 1,..., 1) falls on A. Ignore a weight
that lies on a reflection hyperplane, and reflect each of the other weights until it lies
in the dominant sector, reversing the sign with each reflection. The reflection planes
are the same as in the preceding paragraph. Again the resulting weights, interpreted
as IR, are those which appear in the expansion of the orbit [A]. However, in the
present case, each iR appears with multiplicity equal to the order of the Weyl group
divided by the orbit size (number of weights of the orbit) of A.

Generating function methods can be used to treat the orbit-ir problem. One has
only to multiply the orbit-weight generating function H(A, A), (2.3), by &(A)R ™' and
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Figure 1. Decomposition into IR of the G, orbit [2, 1]. The weights of the orbit are labelled
1,2,...,12. The reflection lines intersect at (—1,—1). The weights 4, 5, 10, 11, 12 are
reflected into the dominant sector to the corresponding primed weights where they, and
1, are interpreted as 1R. A closed circle means plus {(even number of reflections), an open
circle minus (odd number of reflections).

retain non-negative powers of A in the result. Then one gets the orbit-1R generating
function J(A, A) whose power expansion

J(A,A) = H(A, M)&(MRT [\ =2 A°Alcay (3.6)

gives the multiplicity c,, of the IR (1) in the expansion of the orbit {a].
For example, the SU(3) orbit-1r generating function turns out to be

J(A,A)

1

B (1 _AlAl)(l —A2A2)

(1—AZA, + AT~ AZAT+ A3 - A%A,)

_AA AA a7
1"A2A2 l_AlAl '
and the SO(5) orbit-1r generating function is
1-AA )(I_AzAz)(1—A§A1+A3A1—A‘;+A$A§—A?+A?A§—A%A§)
1431
AAI—A, AAI+AIAAN,-A AN, —A AA
1422 1+12 1432432 141240 122_A§. (3.8)

1“A2A2 1_A1A1

The orbit [a] contains only IR of equal or lower level; hence the matrix from the
orbit basis to the IR basis is triangular. It is therefore easy to invert it and obtain the
orbit content of an 1r. Thus the problem of weight multiplicities of an 1Rr, usually
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solved by Freudenthal’s recursive technique, or else by use of Weyl’s or Demazure’s
character formula, is rather easily solved, working upwards by level within each
congruence class. A similar approach has been applied to the Kac-Moody algebra
AlY by Kass (1986).

Sometimes the orbit-1rR generating function can be inverted to obtain the 1r-orbit
generating function whose power expansion gives the muitiplicities of orbits in 1r. If
J(A, A) and K(A, A) are the orbit-1r and 1rR-orbit generating functions, they satisfy
the equation

!
JA, MKATL A e =]T1-AAD T (3.9)

We illustrate the procedure with SU(2), whose orbit-1r generating function is (1— A%) x
(1—AA)~'. Then (3.9) for K(A, A) becomes

(1-A*)K (A, A)=(1-AA)""
from which we find
K(A, A) =[(1-AY)(1-AA)]"
ir-orbit generating functions for SU(3) and SO(5) are given by Michel et al (1988).

4. Concluding remarks

The idea that the Weyl group is a useful tool in applications of representation theory
of semisimple Lie algebras is not new, but until recently it might have been difficult
to make a convincing case. That was due partly to the fact that, in most applications,
only representations of relatively small dimension were of importance and that the
ranks of relevant semisimple Lie algebras were modest so that most problems could
be solved without much sophistication. By now, of course, the situation is quite
different in that respect.

A truly systematic exploitation of the Weyl group in applications became possible
when it became possible in practice to calculate the multiplicity of any W-orbit in the
weight system of any representation, at least for the representations which may be of
interest in the forseeable future. Indeed, until Moody and Patera (1982), the practical
limit of the existing recursive methods were representations of several thousands for
ranks, say 8, even for the largest mainframe computers.

In this paper the task of computing the branching rules makes use of the fact that
the multiplicities can be calculated or looked up (Bremner er al 1985) separately
whenever needed. It further splits the problem into two smaller ones: computation of
branching rules for the W-orbits of a given simple Lie algebra to W-orbits of a maximal
subalgebra (subjoined algebras are included as well), and subsequent collecting of the
appropriate numbers of appropriate W-orbits into complete weight systems of rep-
resentations of the subalgebra according to the known multiplicities. We give an
explicit prescription for writing a Weyl orbit as a superposition of irreducible rep-
resentations and, by inversion of a triangular matrix, writing an irreducible representa-
tion as a superposition of Weyl group orbits.

Exploitation of generating functions for both steps of our computations adds a
further efficiency to the procedure, especially for the calculation of algebra W-orbit to
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subalgebra W-orbit branching rules. For the equal-rank case we give explicit easy-to-
implement instructions for the construction of the complete orbit-orbit generating
function. Even when the complete orbit-orbit generating function is too complicated
to write down, it may be possible to convey the same information by listing the members
of the integrity basis (elementary orbits) and their syzygies (incompatibilities). In still
more complicated cases one is typically interested in branching rules for only highly
degenerate representations of an algebra; then only a small subset of the integrity basis
and the corresponding syzygies are required.
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